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Abstract 

The Dirichlet Laplacian in curved tubes of arbitrary cross-section rotating 
w.r.t. the Tang frame along infinite curves in Euclidean spaces of arbitrary 
dimension is investigated. If the reference curve is not straight and its 
curvatures vanish at infinity, we prove that the essential spectrum as a set 
coincides with the spectrum of the straight tube of the same cross-section 
and that the discrete spectrum is not empty. 
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1 Introduction 



The relationships between the geometric properties of an EucUdean region and 
the spectrum of the associated Dirichlet Laplacian constitute one of the classical 
problems of spectral geometry, with important motivations coming both from 
classical and quantum physics. In this paper we consider this type of interactions 
in the case where the region is an infinite tube. In particular, we are interested 
in the influence of the curvature on the stability of the essential spectrum and 
the existence of discrete eigenvalues. 

Let s 1-^ r(s) be a unit-speed infinite curve in R'*, d > 2. Assuming that 
the curve is C'-smooth and possesses an appropriate C^-smooth Frenet frame 
{ei, . . . , Cd} (Assumption^, the curvature Ki of F, i e {1, . . . , c? — 1}, is a 
continuous function of the arc-length parameter s € M. Given a bounded open 
connected set ut in K''"^, we define the tube of cross-section oj about F by 

n:^C{RxLu), C{s,U2,...,Ud) ■.= T{s) + u^n^,{s)e,{s), (1) 

where /i, are summation indices taking values in {2,...,d} and (Ti-iiu) is a 
family of rotation matrices in M.'^~^ chosen in such a way that (s, U2, ■ ■ ■ , Ud) are 
orthogonal "coordinates" in Vl {cf Section 1??^ . i.e. uj rotates along F w.r.t. the 
Tang frame JS]. We make the hypotheses (Assumption O that ki is bounded, 
||ki||oo sup„g^ \u\ < 1, and fl does not overlap. 

Our object of interest is the Dirichlet Laplacian associated with fl, i.e. 

-Ag on L^{n). (2) 

A physical motivation to study this operator for d — 2,3 comes from the fact 
that it is (up to a physical constant) the quantum Hamiltonian of a free particle 
constrained to f2, which is widely used to model the dynamics in mesoscopic 
systems called quantum waveguides pi I12|. 

If F is a straight line {i.e. all Ki — 0), then it is easy to see that the spectrum 
of 1211 is purely absolutely continuous and equal to the interval [/ii, oo), where 

fii is the first eigenvalue of the Dirichlet Laplacian in lu . 

The purpose of the present paper is to prove that the essential spectrum of the 
Laplacian (j^J is stable as a set under any curvature which vanishes at infinity, 
and that there is always a geometrically induced spectrum, i.e. the spectrum 
below /ii, whenever the tube is non-trivially curved. 

Theorem 1. Let Q be the infinite tube defined above. 

(i) // lim Ki(s) = 0, then crcss(-Ag) = [^i, oo) ; 

\s\ — ^oo 

(ii) If Ki ^ 0, then inf o-(-Ag) < fii. 

Consequently, if the tube is not straight but it is straight asymptotically, then 
— Ag has at least one eigenvalue of finite multiplicity below its essential spec- 
trum, i.e. (Tdisc(-Ag) ^ 0. 
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Here the particularly interesting property is the existence of discrete spec- 
trum, which is a non-trivial property for unbounded regions. From the physical 
point of view, one then deals with quantum bound states of the Hamiltonian , 
which are known to disturb the transport of the particle in the waveguide. 

Spectral results of Theorem were proved first by P. Exner and P. Seba |S] 
in 1989 for planar strips {i.e. d — 2) under the additional assumptions that the 
strip width was sufficiently small and the curvature ni was rapidly decaying at 
infinity (roughly speaking as |s|^^2+<^)). A few years later, J. Goldstone and 
R. L. Jaffe proved the results without the restriction on the strip width, 
provided the curvature ki had a compact support, and generalised it to the 
tubes of circular cross-sections in M.^^. References to other improvements can 
be found in the review article , where the second part of Theorem ^ was 
proved under stronger conditions for d — 2,3 and circular cross-section. The 
first part was proved there just for compactly supported ki (otherwise, under 
the additional hypothesis that also the first two derivatives of ki vanished at 
infinity, the authors localised the threshold of the essential spectrum only). Let 
us also mention the paper \1'6\ where a significant weakening of various regularity 
assumptions was achieved for d = 2. The first part of Theorem Q] was proved for 
d = 2 in the recent paper jTHj. The present paper is devoted to a generalisation 
of the results to higher dimensions and cross-sections rotating along the curve 
w.r.t. the Tang frame. 

Our strategy to prove Theorem^is explained briefly as follows. Introducing 
a diffcomorphism from to the straight tube f2o := K x a; by means of the map- 
ping C : flo ^ n, wc transfer the (simple) Laplacian on (complicated) fl 
into a unitarily equivalent (complicated) operator H of the Laplace-Beltrami 
form on (simple) fio, cf (I15|l . This is the contents of the preliminary Section 13 
The rest of the paper, Section |3| is devoted to the proof of Theorem ^ In Sec- 
tion we employ a general characterisation of essential spectrum (Lemma 
adopted from ^ in order to establish the first part of Theorem The reader 
will notice that the characterisation is better than the classical Weyl criterion in 
the sense that it deals with quadratic forms instead of the associated operators 
themselves, i.e. we do not need to impose any condition on the derivatives of 
the coefficients of H in our case. The proof of the second part of Thcorcm^in 
Section 13.21 is based on the construction of an appropriate trial function for H 
inspired by the initial idea of 

Throughout this paper, we use the repeated indices convention with the 
range of Latin and Greek indices being 1, . . . , d and 2, . . . , d, respectively. The 
partial derivative w.r.t. a coordinate Xi, x = (s, U2, . . . , Ud) G R'^, is denoted by 
a comma with the index i. 
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2 Preliminaries 



2.1 The reference curve 

Given an integer d > 2, let F : M ^ K*^ be a unit-speed C"^-smooth curve 
satisfying the following hypothesis. 

Assumption 1. F possesses a positively oriented Frenet frame {ei, . . . ,ed} 
with the properties that 

(i) ei = f ; 

(ii) V^e {!,..., d}, e C^R,M.'^) ; 

(iii) Vi e {1, . . . , d — 1}, Vs e M, ei{s) lies in the span of ei(s), . . . , ei+i(s) . 

Remark 1. We refer to |S| Sec. 1.2] for the notion of moving and Frenet frames. 
A sufficient condition to ensure the existence of the Frenet frame of Assump- 
tionUlis to require that for aU s G M, the vectors f (s), F^^) (g), . . . , F^''"!) (s) 
are linearly independent, cf Prop. 1.2.2]. This is always satisfied if d = 2. 
However, we do not assume a priori this non-degeneracy condition for d > 3 
because it excludes the curves such that F \ I lies in a lower-dimensional sub- 
space of M'' for some open / CM. We also refer to Remark 0] below for further 
discussions on Assumption^ □ 

The properties of {ei, . . . , e^} summarised in Assumption ^ yield the Serret- 
Frenct formulae, cf |S| Sec. 1.3], 

where ICij are coefficients of the skew-symmetric d x d matrix defined by 

/ Kl \ 



V -Kd-l J 



(4) 



Here Ki : R — > M is called the i^^ curvature of F. Under Assumption ^ the 
curvatures are continuous functions of the arc-length parameter s g R. 

2.2 The Tang frame 

We introduce now another moving frame along F which better reflects the ge- 
ometry of the curve and will be more convenient for our further purposes. 

Let the (d — 1) x (d — 1) matrix (TZ^^) be defined by the system of differential 
equations 

Ti-fiv + T^iip K.p^ = (5) 
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with the initial conditions that (7?.py(so)) is a rotation matrix in M.'^ ^ for some 
So G K, i.e., 

det{TZf,^{so)) ^ 1 and Tl^p{so)Tl^p{so) = S^^. (6) 

Under our assumptions, the solution of |SJl exists and is continuous by standard 
arguments in the theory of differential equations, cf [111 Sec. 4]. Furthermore, 
the conditions © are satisfied for all sq £ M. Indeed, by means of Liouville's 
formula ^2 Thm. 4.7.1] and tr(/C^,y) = 0, one checks that det {71^^) = 1 iden- 
tically, while the validity of the second condition for all sq G M is obtained via 
the skew-symmetry of (/Cy ): 

i'^fip '^vp^ — "^t^cr ij^pa ^" ^ap) — 0- 

We set 

and define the moving frame {ei, . . . , e^} along F by 

e,:=TZijej. (8) 

Combining ^ with (|3J) and 10}, one easily finds 

ei = Ki 62 and = -ki 7?.p2 ei. (9) 

We call the moving frame {ei, . . . , e^} the Tang frame throughout this pa- 
per because it is a natural generalisation of the Tang frame known from the 
theory of three-dimensional waveguides [IHj . Its advantage will be clear from 
the subsequent section. 

2.3 Tubes 

Given a bounded open connected set ui in M'^"^, let fig denote the straight 
tube M X w. We define the curved tube O of the same cross-section w about F 
as the image of the mapping, cf , 

C-Mo^R'': {(s,u)^F(s)+g^(s)u^}, (10) 

i.e., fl := £(r2o), where u = (u2, . ■ . , Ud). 

Our strategy to deal with the curved geometry of the tube is to identify 17 
with the Riemannian manifold (Oqj where {gij) is the metric tensor induced 
by £, i.e. gij C^i ■ £j, where "•" denotes the inner product in W^. (In other 
words, we parameterise il globally by means of the "coordinates" (s,u).) To 
this aim, we need to impose a natural restriction on 12 in order to ensure that 
L : VIq ^ is & C^-diffeomorphism. Namely, defining 

a sup \u\ , (11) 
where |m| := y/ujfu^, we make the hypothesis 
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Assumption 2. 

(i) KieL°°(R) and a\\Ki\\^<l; 

(ii) does not overlap. 

Using formulae 0, one easily finds 

(ff-y ) = diag (/i^, 1, . . . , 1) with ft.(s, u) := 1 - ki(s) 7^^2(s) . (12) 

By virtue of the inverse function theorem, the mapping £ : f^o ^ is a local 
C-'^-diffeomorphism provided h does not vanish on f^o, which is guaranteed by 
the condition (i) of Assumption |21 because 

0<C- <h{s,u)<C+ <2 with C± := l±a||Ki||oo, (13) 

where we have used that TZ^2 '7?-^2 = 1 by © and ^u^u^ < a by (fTT|l . The 
mapping then becomes a global diffeomorphism if it is required to be injective 
in addition, c/ the condition (ii) of Assumption |21 

Remark 2. Formally, it is possible to consider (17o, gij) as an abstract Rieman- 
nian manifold where only the curve T is embedded in . Then we do not need 
to assume the condition (ii) of Assumption [21 □ 

Note that the metric tensor (|12ll is diagonal due to our special choice of the 
"transverse" frame {e2, . . . , e^}, which is the advantage of the Tang frame. At 
the same time, it should be stressed here that while the shape of the tube Vl is 
not influenced by a special choice of the rotation iji-fiu) provided uo is circular, 
this may not be longer true for a general cross-section. In this paper, we choose 
rotations determined by the Tang frame due to the technical simplicity. 

We set g :— det{gij) = /i^, which defines through dvol :— h{s,u)dsdu the 
volume element of fi; here du denotes the (d — l)-dimensional Lebesgue measure 
in w. 

Remark 3 (Low-dimensional examples). When d = 2, the cross-section uj 
is just the interval (—a, a), the curve F has only one curvature ki =: k, the 
rotation matrix {TZfi^) equals (the number) 1 and 

h{s, u) = 1 — k{s) u. 

When d = 3, it is convenient to make the Ansatz 

,„ ^ _ ( cos 9 — sin 
y'^-t-^) - COS0 

where is a real-valued differentiable function. Then it is easy to see that © 
reduces to the differential equation = t, where t is the torsion of F, i.e. one 
put K :~ Ki and r := K2. Choosing 6 as an integral of r, we can write 

h{s, u) = 1 — k{s) {cos 9{s) U2 + sin^^(s) U3) . 

□ 
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Remark 4 (On Assumption^. As pointed out by P. Exner [3], the existence 
of the Frenet frame required in Assumption ^ is rather a technical hypothesis 
only. Indeed, what we actually need is that £ : flo ^ ^l, with £ given by Hll)|l . is 
a C^-diffeomorphism, and this is possible to ensure in certain situations even if 
Assumptionndoes not hold. To see this, let cu be circular and consider a curve F 
possessing the required Frenet frame on (— cx),0) and (0, oo), ei € C^{{0}), but 
^ C°({0}) in the sense that e^(0+) = S'^i/e^(0— ) for each S {2, . . . ,c?}, 
where (S^^) 7^ 1 is a constant matrix satisfying relations analogous to ©, i.e. 
the transverse frames {62(0+), 6^(0+)} and {e2(0— ),..., 6^(0— )} are ro- 
tated to each other (see Chap. 1, pp. 34] for an example of such a curve 
in MP). Since the rotation matrix {R^u) is determined uniquely up to a multi- 
plication by a constant rotation matrix, the Tang frame defined by © can be 
chosen to be continuous at zero by the requirement R^u{^+)Svp — Rfj.piO~)- 
The C^-continuity at zero then follows by (jnj together with the fact that nec- 
essarily Kl(0) =0. □ 



2.4 The Laplacian 

Our strategy to investigate the Laplacian Q is to express it in the coordinates 
determined by (|10() . More specifically, using the mapping H10() . we identify the 
Hilbert space L^(il) with L^(17o, c?vol) and consider on the latter the sesquilinear 
form 

Q{i},(f,):=[ J~g'' cj)^j dvol, iP.cj) e Dom Q -.^ W^'^{no,dvo\), (14) 

■/Of, 

where 5*^ denotes the coefficients of the inverse of the metric tensor (I12II . The 
form Q is clearly densely defined, non-negative, symmetric and closed on its 
domain. Consequently, there exists a non-negative self-adjoint operator H as- 
sociated with Q which satisfies DomiJ C DomQ. We have 

BomH = e Wo'^(r2o, dvol) dtg^g^^djip G ^^(r^o, ^vol) | , 

VV^eDomH, Hi' = -g-^d^{g^g'^djip). (15) 

Actually, 1)15(1 is a general expression for the Laplace-Beltrami operator in a 
manifold equipped with a metric (gij). Using the particular form p2|l of our 
metric tensor, we can write 



H = -J^^,^^^- d,d, + d, (16) 



in the form sense. 

The norm and the inner product in the Hilbert space L'^{Q,Q,d\Q\) will be 
denoted by || • ||g and (•, •)g, respectively. The usual notation without the sub- 
script "g" will be reserved for the similar objects in L?{VIq). 

Remark 5 (Unitarily equivalent operator). Assuming that the reference 
curve r is C"^+^-smooth, it is possible to "rewrite" H into a Schrodinger-type 
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operator acting on the Hilbert space L^(rio), without the additional weight in 
the measure of integration. Indeed, defining H :— UHU~^, where U : ip ^ g^ip 
is a unitary transformation from L^{ilo, dvol) to i^(r2o), we get 

H = ~g-idig^g'^djg'i on L^i^o) 

in the form sense. Commuting then g~i with the gradient components, we can 
write 

^ = -^17^^! + ^M^M + y (17) 

in the form sense, where 



1 ^ 1 _ 5 

4 /i2 + 2 /i3 4 /i4 



(19) 



Actually, H17|l with 1)18(1 is a general formula valid for any C^-smooth metric of 
the form {gij) — dia,g{h'^, 1, . . . , 1). (Note that the required regularity is indeed 
sufficient if the formula for the potential ((18(1 is understood in the weak sense 
of forms.) In our special case when h is given by p2(l. we find easily that 
/i,/j(')W) = —KiTZfj,2, h^i_i^ = 0, and l(T^ follows at once. Moreover, Q gives 

/i,1i(-,m) = U^TZ^a{lCal — /Cq/j/C/JI — 21CaplCpi + ICaflJCfl-fJC^l) ■ 

□ 

We shall neither need nor use the unitarily equivalent operator from the 
above remark, however, for motivation purposes, it is interesting to notice that 
the potential V becomes attractive if a is sufficiently small and the curvatures, 
together with some of their derivatives, vanish at infinity. Since the latter 
also implies that h tends to 1 as a ^ 0, it is easy to see that H has always 
discrete eigenvalues below its essential spectrum for a small enough. In this 
paper, we prove this property under an asymptotic condition which involves the 
curvature ki only (c/ ((22(1 below) and without any restriction on a (except for 
the natural one in Assumption I^J . We also note that various techniques from 
the theory of Schrodinger operators can be applied to H, cf [5] ■ 

2.5 Straight tubes 

If the tube is straight in the sense that each Ki — 0, then the Laplacian ((SJ 
coincides with the decoupled operator 



iJo := -A«® l + l(g)(-A'^) on L^{R)®L\uj), (20) 

where 1 denotes the identity operator on the corresponding spaces and the bar 
stands for the closure. The operators —A* and — A"^ denote the usual Laplacian 
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on L^(R) and the Dirichlet Laplacian on L'^{uj), respectively. Alternatively, Hq 
can be introduced as the operator associated with the form Qq defined by , 
where now the metric tensor is the identity matrix (Sij) and dvol = dsdu is the 
Lebesgue measure in R x w. 

The operator — A'J^ has a purely discrete spectrum consisting of eigenvalues 
/^i < < ■ ■ • < ■ ■ ■ ; the corresponding eigenfunctions are denoted as Jn and 
we normalise them in such a way that || J7„||l2((j) = 1. The lowest eigenvalue ni 
is, of course, positive, simple and the eigenfunction J7i can be chosen positive. 

In view of the decomposition H2UI) , 

a(ifo) =CTcss(i?o) = [a*i,oo) (21) 
and the spectrum is absolutely continuous. 



3 Proofs 

3.1 The essential spectrum 

We prove that the essential spectrum of a curved tube coincides with the one 
of 17o provided the former is straight asymptotically in the sense that 

lim Ki(s) = 0. (22) 

s| — ^oo 

Our method is based on the following characterisation of the essential spectrum 
oiH. 

Lemma 1. A £ o-css{H) if and only if there exists {V'njneN C DomQ such that 

(i) VneN, ||VnL = l, 

(ii) Vn e N, suppV'n C {(s,u) e fio I |s| > n}, 

(iii) {H-X)'iljn >0 in (DomQ)*. 

n — >oo 

Here (DomQ)* denotes the dual of the space DomQ defined in H14|) . We note 
that H + 1 : DomQ (DomQ)* is an isomorphism and 

IIV^II-i,. IIV^II(Do,„Q). = sup K^i^ (23) 

0G(DomQ)\{O} \\9\\l.g 

with 

' |2 



The proof of the above lemma is quite similar to the proof of Lemma 4.2 
in [p. It is based on a general characterisation of essential spectrum, ^ 
Lemma 4.1], which is better than the Weyl criterion in the sense that the former 
requires to find a sequence from the form domain of H only (c/ the statement of 
Lemma^and the required property (iii) with the Weyl criterion |il6i Thm. 7.24]). 
The second property (ii) reflects the fact that the essential spectrum is deter- 
mined by the geometry at infinity only. 
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Remark 6. Since the metric {gij) is uniformly elliptic due to the norms in 
the spaces L^(rio, dvol) and Wq'^{Qo, dvol) are equivalent with those of L^(Oo) 
and W^Q^'^(f2o), respectively, and the respective spaces can be identified as sets. 
In particular, 

c-ur<Ml<c+ur, 

and similarly for || • and || • □ 

Proof of Theorem^ part (i). Let A e <Tcss{Ho) = [/ii,cx)). By Lemma^ 
there exists a sequence {V'nIneN C DomQo such that it satisfies the properties 
(i)-(iii) of the Lemma for = Sij, H = Hq and Q = Qq. We will show that 
the sequence {ipn}neti defined by ipn ■= ''Pn/W'ipnWg for every n g N satisfies the 
properties (i)-(iii) of Lemma^for gij, H and Q, i.e. iTcss(-ffo) ^ o'essiH). First 
of all, notice that tpn is well defined and belongs to Dom Q for every n G N due 
to Remark El Moreover, writing 

4>n - (1 + Ho)-\Ho - X)i'n + (1 + ^fo)"'(A + 1)^„ , 

we see that the sequence {V'njneN is bounded in Dom Qq, and therefore {V'njneN 
is bounded in Dom Q by Remark^! Since the conditions (i) and (ii) hold trivially 
true for {V'njneN, it remains to check the third one. By the definition of 
cf (jl4|l , we can write 

(0,(ff-A)Vn)g 

= (0, {Ho ~ A)V„) + (0,., {gig'' - S'^^M,:) - X{4>, {g^ - 1)^„) 

for every (j> e DomQ. The Minkowski inequality, the formula (|23|l . the fact that 
{Hq — X)Tpn ^ in (DomQo)* as rt — > cxd, and a repeated use of Remark yield 
that it is enough to show that 



sup 



\{<l>.,,{9'' -g-is-')i^n,j)\+X\{'P,{i-g-i)tPn 



06(DomQ)\{O} \m\l,g "-'"^ 

However, the latter is easily established by means of the Schwarz inequality, the 
estimates ||</>||g < the fact that {ipn}neN is bounded in DomQ, 

and the expression for the metric (|12|l together with (|22|l and the property (ii) 
of Lemma ^ 

One proves that f7oss(-ff) ^ <^qss{Ho) in the same way. □ 

Remark 7. It is clear from the previous proof that a stronger result than the 
first part of Theorem^can be proved. If h and h are two positive functions (de- 
termining through H12|l two tube metrics {gij) and {(jij), respectively) such that 
suPugi^ \h{s, u) — h{s, u)| ^ as \s\ — > co, then the essential spectra of the cor- 
responding operators H and H (given by l|15|l with {gij ) and {gtj ) , respectively) 
coincide as sets. □ 
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Let us finally notice that a detailed study of the nature of the essential 
spectrum in curved tubes has been performed in in particular, the absence 
of singular continuous spectrum is proved there under suitable assumptions 
about the decay of curvature at infinity. 

3.2 The geometrically induced spectrum 

In this section we show that iida{H) < /ii whenever ki ^ 0, i.e. there is 
always a spectrum below the energy /ii in non-trivially curved tubes f2. We 
call it geometrically induced spectrum because it does not exist for the straight 
tube r^oj c/ (|21|l . Furthermore, it follows by the part (i) of Theorem that this 
geometrically induced spectrum is discrete if we suppose ()22|l in addition. 

Our proof is based on the variational strategy of finding a trial function ^' 
from the form domain of H such that 

Qi[*] :=Q[*]-Mi||*||2 <0. (24) 

The construction of such a ^ follows the initial idea of |7] and the subsequent 
improvements of '13' and T, Thm. 2.1]. 

Proof of Theorem n part (ii). Let {^,i}„eN C DomQ and <i> e DomQ. 

Defining 'i'n.6 + e $ for every (n, e) G N x M, we can write 

Our strategy will be to choose {^'njneN and $ so that 

limQi[*„]==0 and lim Qi ^ 0. (25) 

n — >oo n — ^oo 

Then we can choose a sufficiently large n G N and a sufficiently small e G R 
with a suitable sign so that (3i[5'n,e] < 0, which proves the claim. 

We put '^n ■— Ji, where J7i is the first eigenfunction of — A"^, cf Sec- 
tion l2.5l and {(pn}neN is a moUifier of 1 in VF^'^(R), i.e. a family of functions (pn 
from ly^'^(M) satisfying: 

(i) Vn e N, 0<(pn<l, 

(ii) (pn{s) > 1 for a.e. s S K, 

n — *oo 

(iii) \\(Pn\\mR) > 0. 

n — >oo 

(Probably the simplest example of such a family is given by the continuous 
even fnS such that they are equal to 1 on [0,n), with a constant derivative on 
[n,2n + 1), and equal to on [2n + l,oo).) Using the expression lfTB|) for the 
Laplacian and the fact that (9^9^ + /ii)j7i = 0, we obtain immediately that 
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The second term at the r.h.s. is equal to zero by an integration by parts, while 
the first (positive) one can be estimated from above by Cr^||vI'n,i|P due to ((T^ . 
Since ||^'n,i|| = ||¥'ra||L2(R) by the normalisation of J7i , we verify the first property 

of 123- 

The second property is checked if we take, for instance, 

$(s, w) (p{s) TZ^2 (s) Uf, Ji (u) E Dom Q, 

where (f> € \ {0} is a non-negative function with a compact support 

contained in an interval where Ki is not zero and does not change sign (such an 
interval surely exists because Ki is continuous). Indeed, in the same way as 
above, we find 

Ql($, ^n) = /l^'^na) + «l7^M2^'r^,p) , 

where the first term at the r.h.s. tends to zero as n oo because its absolute 
value can be estimated by Cr^||$,i||||5'ri,i||, while the second one is equal to 

-^{4'Jl,Kl7lfj_2'Jlfj_2 (fin Jl) = -| (0, Ki(/?„)^2(R) 

by an integration by parts; the last identity then holds due to © and the 
normalisation of Ji . Summing up, we conclude that 

lim Qi($,^-„) = -i / 0(s)«:i(s)ds^O 

by the dominated convergence theorem. □ 

Remark 8. Suppose Assumptions^andEl If the tube fl is non-trivially curved 
and asymptotically straight, it follows by Theorem^that crdisc(— A^) C [0,/ii) 
and it is not empty. Furthermore, it can be shown by standard arguments (see, 
e.g., [HI Sec. 8.12]) that the minimum eigenvalue, i.e. infcr(— A^), is simple 
and has a positive eigenfunction. One also has inf o'(— A^) > 0. (Actually, a 
stronger lower bound to the spectral threshold has been derived in jj.) □ 
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